Abstract. In this paper we estimate some growth rates of composite entire and meromorphic functions in the light of their relative (p; q)-th order and relative (p; q)-th lower order which considerably extend some results of Sheremeta [14] .
x; log [ 1] x = exp x; exp [0] x = x and exp [ 1] x = log x: Considering this let us recall that Juneja et al. [9] de…ned the (p; q)-th order (resp. (p; q)-th lower order) of an entire function f for any two positive integers p; q with p q which is as follows: In this connection we recall the following de…nition due to Juneja et al. [9] :
An entire function f is said to have index-pair (p; q), p q 1 if b < f (p; q) < 1 and f (p 1; q 1) is not a nonzero …nite number, where
f (p n; q) = 1 for n < p;
f (p; q n) = 0 for n < q;
f (p + n; q + n) = 1 for n = 1; 2; . Similarly for 0 < f (p; q) < 1; one can easily verify that
f (p + n; q + n) = 1 for n = 1; 2; .
Analogously one can easily verify that De…nition 1.2 of index-pair can also be applicable to a meromorphic function f .
If p = l and q = 1 then we write f (l; 1) =
f and f (l; 1) =
f where
f and
f are respectively known as generalized order and generalized lower order of f . For details about generalized order one may see [13] . Also for p = 2 and q = 1 we respectively denote f (2; 1) and f (2; 1) by f and f : which are classical growth indicators such as order and lower order of f . L. Bernal [1, 2] introduced the relative order (resp. relative lower order) between two entire functions to avoid comparing growth just with exp z which is as follows:
These de…nitions coincide with the classical one [15] if g = exp z. Extending this notion, Lahiri and Banerjee [11] introduced the de…nition of relative order of a meromorphic function with respect to an entire function in the following way : De…nition 1.3. [11] Let f be any meromorphic function and g be any entire function. The relative order of f with respect to g is de…ned as
It is known {cf. [11] } that if g (z) = exp z then De…nition 1.3 coincides with the classical de…nition of order of a meromorphic function f .
In the case of relative order, Sánchez Ruiz et al. [12] gave the de…nition of relative (p; q)-th order and relative (p; q)-th lower order of an entire function in the light of index-pair which is as follows:
[12] Let f and g be any two entire functions with index-pairs (m; q) and (m; p) respectively where p; q; m 2 N such that m p and m q: Then the relative (p; q)-th order and relative (p; q)-th lower order of f with respect to g are de…ned as
[q] r and
Further, Debnath et al. [6] introduced the de…nition of relative (p; q)-th order and relative (p; q)-th lower order of a meromorphic function with respect to an entire function in the following manner: De…nition 1.5. [6] Let f be any meromorphic function and g be any entire function with index-pairs (m; q) and (m; p) respectively where p; q; m 2 N such that m p and m q: Then the relative (p; q)-th order and relative (p; q)-th lower order of f with respect to g are de…ned as
If f and g have got index-pair (m; 1) and (m; k) ; respectively, then De…nition 1.4 and De…nition 1.5 reduce to generalized relative order of f with respect to g and in this we write
. If f and g have the same index-pair (p; 1) where p 2 N, we get the de…nition of relative order introduced by Bernal [1, 2] and Lahiri et al. [11] . When g = exp
Moreover if f have index-pair (2; 1) and g = exp z, then De…nition 1.4 and De…nition 1.5 become the classical one.
Taking into account all these above, in this paper we estimate some growth rates of composite entire and meromorphic functions in the light of their relative (p; q)-th order and relative (p; q)-th lower order which considerably extend some results of Sheremeta [14] .
Known Results
In this section we present some lemmas which will be needed in the sequel. . Then for all su¢ ciently large values of r;
In addition if = 1 2 , then for all su¢ ciently large values of r;
Lemma 2.2.
[3] Let f be meromorphic and g be entire then for all su¢ ciently large values of r;
Suppose that f is a meromorphic function and g be an entire function and suppose that 0 < < g 1:Then for a sequence of values of r tending to in…nity,
Let f be an entire function which satis…es the Property (A), > 0,
Lemma 2.5.
[2] Suppose f is an entire function and > 1, 0 < < . Then for all su¢ ciently large r, M f ( r) M f (r):
Main Results
In this section we present the main results of the paper.
Theorem 3.1. Let f , g and h be any three entire functions such that 0 <
. and g (m; n) > 0 where p; q; m; n 2 N with m n: Also let be a positive continuous on [0; +1) function increasing to +1: Then for any number 0;
when q < m and lim r!+1 log (r) log r = 0 and lim r!+1
when q > m and lim
Proof. From the de…nition of
, it follows for all su¢ ciently large values of r that log
is an increasing function of r, it follows from Lemma 2.1 and Lemma 2.5 for any > 2 and for all su¢ ciently large values r that
Case I. Let q < m: Then from (3:2) it follows for all su¢ ciently large values of r that
Case II. Let q > m: Then from (3:2) we obtain for all su¢ ciently large values of r that log
Now combining (3:1) and (3:4) of Case I it follows for all su¢ ciently large values of r that
Since lim r!+1 log (r) log r = 0; therefore
from which the …rst part of the theorem follows. Again combining (3:1) and (3:6) of Case II it follows for all su¢ ciently large values of r that
As lim
follows from above that
This proves the second part of the theorem. Thus the theorem follows .
Remark 3.2. Theorem 3.1 is still valid with "limit superior" instead of "limit" if we replace the condition " 0 <
In the line of Theorem 3.1 one may state the following theorem without proof: Theorem 3.3. Let f , g; h and k be any four entire functions such that g is of …nite (m; n)-th lower order, 
when q > m and lim r!+1 log (r)
Remark 3.4. In Theorem 3.3 if we take the condition
, then also Theorem 3.3 remains true with "limit superior"in place of " limit ".
Next we prove our theorem for composite entire and meromorphic function. 
log (r) log r = 0 :
is an increasing function of r, it follows from Lemma 2.3 for a sequence of values of r tending to in…nity that
[p]
h (f ) " r :
Again for all su¢ ciently large values of r we get that
So combining (3:7) and above; we obtain for a sequence of values of r tending to in…nity that
Hence the theorem follows.
Similarly one may state the following theorem without proof as it can be carried out in the line of Theorem 3.5.
Theorem 3.6. Let f be a meromorphic function and g, h, k be any three entire functions with [p] h (f ) > 0, k (g) < +1 and g > 0 where p 2 N. Also let be a positive continuous on [0; +1) function increasing to +1: Then for any number 0;
Theorem 3.7. Let f be a meromorphic function and g, h be any two entire functions such that 0 <
n) < +1 where p; q; m; n 2 N with m > n. Also let be a positive continuous on [0; +1) function increasing to +1. If h satisfy the Property (A), then for any number 0;
where lim r!+1 log (r) log r = +1 :
Proof. Let us suppose that > 2 and ! 1 + in Lemma 2.4. Since T 1 h (r) is an increasing function of r, it follows from Lemma 2.2, Lemma 2.4 and the inequality T g (r) log + M g (r) {cf. [8] } for all su¢ ciently large values of r that
Now the following cases may arise : Case I. Let q > m. Then we have from (3:8) for all su¢ ciently large values of r that
Now from the de…nition of (m; n)-th order of g, we get for arbitrary positive " and for all su¢ ciently large values of r that
g (m; n) + " log r (3.10)
i:e:; log
So from (3:9) and (3:11) it follows for all su¢ ciently large values of r that
Case II. Let q < m: Then we get from(3:8) for all su¢ ciently large values of r that
Also we obtain from (3:10) for all su¢ ciently large values of r that
Now from (3:13) and (3:14) we obtain for all su¢ ciently large values of r that
Now if q > m; we get from (3:12) and (3:16) for all su¢ ciently large values of r that n log
:
log (r) log r = +1; therefore r ( g (m;n)+")(1+ ) (r)
! +1 as r ! +1, then the …rst part of the theorem follows from above.
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Further when q < m; we obtain from (3:15)and (3:16) for all su¢ ciently large values of r that n log
i:e:; lim
This proves the second part of the theorem.
Remark 3.8. In Theorem 3.7 if we take the condition
(f ) > 0, the theorem remains true with " limit inferior" in place of "limit ".
Theorem 3.9. Let f be a meromorphic function and g, h, k be any three entire functions such that g is of …nite (m; n)-th order,
where p; q; m; n; l 2 N with m min fl; ng. Also let be a positive continuous on [0; +1) function increasing to +1. If h satisfy the Property (A), then for any number 0;
The proof of Theorem 3.9 would run parallel to that of Theorem 3.7. We omit the details.
Remark 3.10. In Theorem 3.9, if we take the condition
, the theorem remains true with "limit replaced by limit inferior". log (r) log r = +1 :
A similar arguments in the proofs of Theorem 3.7 and Theorem 3.9 respectively will establish the results in Theorem 3.11 and Theorem 3.12 by the help of Lemma 2.1. Therefore we omit the details.
Remark 3.13. In Theorem 3.11 if we take the condition (p;q) h (f ) > 0 instead of (p;q) h (f ) > 0, the theorem remains true with " limit inferior" in place of "limit ".
Remark 3.14. In Theorem 3.12, if we take the condition (p;n) h (g) > 0 instead of (p;n) h (g) > 0, the theorem remains true with " limit replaced by limit inferior".
